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Please see the main paper for a description of the opticalflodel, its optimization, and the main
results. Sections 1-3 below provide more details of the expnts in the main paper, as well as
some additional results. Section 4 provides detailed ftasior the gradients of the energy function
with respect to the optical flow and hidden layer support §eld

1 Implementation Details

To gain robustness against lighting changes, we followifi@]@pply the Rudin-Osher-Fatemi (ROF)
structure texture decomposition method [3] to pre-protiessnput grayscale sequences. We lin-
early combine the texture and structure components in thiegption20:1. The parameters are set
according to [6].

We use the generalized Charbonnier penalty function) = (2% + €2)® with ¢ = 0.001 and
a = 0.45 [4] for pq(-) in the data termEya @andp,(-) in the spatial flow termpFas.

We compute the initial flow field using the Classic+NL methdfdnd fit K affine motion fields to
the initial forward flow field. The fitting method is similar t-means, where we cluster the flow
vectors and fit the affine parameters of each cluster. A péxekible at the layer that best explains
its motion and invisible at the other layers. To avoid locahima, we perform25 independent
runs of the fitting method and select the result with the lavigsng error. Warping the resultant
segmentation using the backward flow field produces thalrségmentation of the next frame.

To convert the hard segmentation into the initial hidderd§ethekth (¢ < K) hidden field takes
value 1.5 at pixels visible at theith layer and—1.5 otherwise. Around occlusion/disocclusion
regions, the layer assignment tends to change from one fiathe next. We detect pixels where the
layer assignments, aligned by the initial flow field, dis&greor these pixels we divide their initial
hidden field values by0 to represent our uncertainty about the initial layer agsignt in these
occlusion/disocclusion regions. The initial motion of thisible pixels in each layer is the same as
the initial flow field from Classic+NL, while the motion of thevisible pixels is interpolated by the
fitted affine motion to the flow field.

2 More Experimental Results on the Middlebury Data Set

Table 1 provides the full end-point error (EPE) results feerg training sequence using all the
methods discussed in the main paper. We also evaluate beagaats of the proposed method.



The results in the main paper are obtained Wiilwarping steps per level, which is computationally
expensive. Using warping steps has slightly better overall performancelfdrlayers, but20
warping steps produces more accurate results in motiondaoymegions.

To evaluate the method’s sensitivity to the initializatiove compare the energy of the final solu-
tions with initial flow fields from the Classic++ and the ClesdNL methods. As shown in Table 2,
solutions with the Classic++ initialization have similarezgy as those with the Classic+NL initial-
ization. Table 1 shows that the average EPE obtained fromihitalizations is also similar. This
suggests that the method works as long as the initializégisensible. We expect that our current
inference methods would not be able to recover from a realty pitialization.

Figure 3 and 4 show screen shots of the Middlebury publicetédl end-point error (EPE) and
average angular error (AAE). The proposed method (“Lay8ris¥anked first at the time of writing
(end of Oct. 2010) and also has the lowest average EPE andgav&AE both overall and in
boundary regions.

We also provide the visual results of the proposed methoti@training set in Figure 1 and on the
test set in Figure 2. Layers++ reduces many of the errors rogdiee Classic+NL method in the
motion boundary regions, produces sharp boundaries thagspmnd well to image structure, and is
able to recover fine structures such as the leaf stems in teeffiera” sequence.

Finally average EPE and average AAE for all the test sequsesreeshown in Table 3.

Table 1: Average end-point error (EPE) on the Middlebwayning set.

Avg. EPE Venus Dimetrodon Hydrangea RubberWhale Grove2 Grove3  nZba Urban3
Weiss [7] 0.487 0.510 0.179 0.249 0.236 0.221 0.608 0.614 1.276
Classic++ 0.285 0.271 0.128 0.153 0.081 0.139 0.614 0.336 0.555
Classic+NL 0.221 0.238 0.131 0.152 0.073 0.103 0.468 0.220 0.384
20 warping steps (WS)
1layer 0.248 0.243 0.144 0.175 0.095 0.125 0.504 0.279 0.422
2layers 0.212 0.219 0.147 0.169 0.081 0.098 0.376 0.236 0.370
3layers 0.200 0.212 0.149 0.173 0.073 0.090 0.343 0.220 0.338
4layers 0.194 0.197 0.148 0.159 0.068 0.088 0.359 0.230 0.300
Slayers 0.196 0.195 0.151 0.169 0.063 0.086 0.345 0.211 0.351
20 WS w/ WMF : overall (method from main paper)
1layer 0.231 0.235 0.144 0.155 0.075 0.106 0.462 0.245 0.426
2layers 0.204 0.217 0.149 0.156 0.070 0.090 0.357 0.219 0.373
3layers 0.195 0.211 0.150 0.161 0.067 0.086 0.331 0.210 0.345
4layers 0.193 0.195 0.150 0.155 0.064 0.087 0.351 0.222 0.321
Slayers 0.197 0.196 0.149 0.173 0.065 0.087 0.347 0.214 0.346
20 WS w/ WMF: boundary region
1layer 0.545 0.617 0.222 0.379 0.218 0.295 0.868 0.703 1.061
2layers 0.468 0.456 0.250 0.390 0.206 0.231 0.652 0.670 0.889
3layers 0.451 0.441 0.252 0.409 0.197 0.220 0.596 0.610 0.885
4layers 0.436 0.348 0.250 0.393 0.182 0.230 0.636 0.647 0.801
Slayers 0.437 0.345 0.250 0.438 0.182 0.221 0.626 0.602 0.834
3 WS w/ WMF: overall
1layer 0.219 0.231 0.119 0.152 0.074 0.097 0.454 0.230 0.394
2layers 0.195 0.211 0.122 0.159 0.070 0.084 0.364 0.205 0.346
3layers 0.190 0.212 0.128 0.163 0.066 0.080 0.347 0.206 0.321
4layers 0.194 0.192 0.132 0.158 0.063 0.081 0.365 0.227 0.337
Slayers 0.196 0.192 0.136 0.159 0.063 0.080 0.362 0.224 0.349
3 WS w/ WMF: boundary region
1layer 0.551 0.642 0.218 0.385 0.229 0.291 0.859 0.710 1.074
2layers 0.472 0.464 0.236 0.414 0.218 0.238 0.672 0.662 0.876
3layers 0.463 0.441 0.254 0.428 0.207 0.221 0.630 0.632 0.891
4layers 0.465 0.353 0.264 0.415 0.187 0.229 0.665 0.671 0.934
Slayers 0.466 0.354 0.271 0.418 0.191 0.220 0.653 0.662 0.962
20 WS w/ WMF: Classic++ init
1layer 0.248 0.232 0.144 0.155 0.079 0.107 0.523 0.261 0.487
2layers 0.206 0.218 0.149 0.156 0.072 0.090 0.373 0.218 0.372
3layers 0.203 0.212 0.151 0.161 0.066 0.087 0.339 0.210 0.396
4layers 0.198 0.195 0.149 0.155 0.064 0.087 0.342 0.229 0.360
Slayers 0.192 0.194 0.148 0.161 0.063 0.085 0.326 0.231 0.327

Table 2: Energy % 10°) of the solutions obtained by the proposed method with ttagers. The

energy is shown for all the sequences intifaéning set using two different initializations.
Venus Dimetrodon Hydrangea RubberWhale Grove2 Grove3 n2Zrba Urban3

“Classic+NL" Init -1.814 -2.609 -2.370 -3.039 -2.679 -1.979 -3.198 -3.044
“Classic++" Init -1.814 -2.613 -2.369 -3.039 -2.680 -1.974 -3.200 -2.998




Figure 1:Results on the Middleburraining set. Left to right: first image, initial flow field given by Clas
sic+NL, final flow field, motion segmentation, and detectedugions (black). Best viewed in color and better

enlarged for comparing the flow fields.

3 Results on the “Hand” Sequence

While the method performs well on the Middlebury evaluatibow well do the results generalize
to other sequences? To find out, we apply the proposed motieBwayers to the challenging

“Hand” sequence [1], as shown in Figure 5. With the paramss#ings tuned to the Middlebury
training sequences, the proposed model does not recoveedins between fingers (Figure 5,
top row). With a different parameter setting (= 5, and\, = 90), the proposed model can
successfully recover the regions between fingers. The EPtiRsequence drops from754 to



Figure 2:Results on the Middleburtest set. Left to right: firstimage, initial flow field given by Clsis+NL,
final flow field, motion segmentation, and detected occlus{biack). Best viewed in color and better enlarged
for comparing the flow fields.

1.909. Moreover, note that the model successfully recovers fraifares of the initialization in the
regions between the fingers.

Table 4 compares this new parameter settings with the ofchgeton the Middlebury training se-
guences. The new settings produces an average training ERELS which is aboutl0% worse
than the result reported in the main paper.

This suggests that the proposed method may suffer from dtiagfto the Middlebury evaluation.
Future work should consider learning the parameters usimgra representative data set [5] and
automatically adapting the parameters to a particularesecp!



Optical flow evaluation results Statistics: Average SD R0.5 R1.0 R2.0 A50 A75 A95

Error type: endpoint angle interpolation normalized interpolation

Show images: © below table © above table
Average Army Mequon Schefflera Wooden Grove Urban Yosemite Teddy
endpoint (Hidden texture) (Hidden texture) (Hidden texture) (Hidden texture) (Synthetic) (Synthetic) (Synthetic) (Stereo)
error avg.| GT im0 imi GT im0 im1 GT im0 im1 GT im0 im1 GT im0 im1 GT im0 im1 GT im0 im1 GT im0 m1
rank| all disc untext| all disc untext| al disc untext| all disc untext| all disc untext| all disc untext| all disc untext| al disc untext
Layers++ [38] 43| 0081 0211 0072 0193 0.5620.17 10| 0.201 0.401 0.186/ 0.131 0.581 0.071| 0.481 0.701 0.331 0477 1.011 033501519 0.14110.24 19 0.461 0.881 0.725]
Classic+NL [31] 6.5| 0.081 0.232 0.072(/0.22100.74100.1812| 0.296 0.656 0.199| 0.152 0.733 0.093| 0.642 10 1.123 0.336/0.1624 0.1340.2927| 0.492 0.982 0.74 )
MDP-Flow [26] 73| 0.093 0254 0.085) 0.1932 0.56410.18 12| 0.242 0.5520.2010| 0.165 0.919 0.093| 0.744 66 1.022 0.359 0.1270.1411 0.175/0.7819 1.6821 0.97 13|
OFH [39] 74| 0107 02560091D| 0193 0695 0.143/043121.0215 0173 0.1771.081s 0.082/0.87 10 |25907313| 04331691 0324 0102 0.134 0188 0.595 1.409 0.745
NL-TV-NCC [25] 84| 0107 0268 Ooﬂslo;ﬁm 0729 0.155/0.35100.8510 0.161| 0.152 0.702 0.093| 0.79s 1.167 0.5140.7815 1.3850.4814/0.1624 0.1519 0.2622| 0.554 1.164 0.552
Adaptive [20] 10.8/ 0.092 0265 0.061/0.23130.78110.1812/0.54 191.19210.2113] 0188 0919 0.108(0.8812 125207313 0.509 1.28s 0.313(0.14150.1624 0.22 16| 0.659 1375 0.79g
Adapt-Window [34] 11.7| 0.107 0.2430.0910 0.193 0.593 0.155| 0.274 0.64¢ 0.173| 0.185 0.8250.11 10| 0.744 1.075 0.5651.7833 1.7317 0.9529|0.2232 0.16 24 0.4535/0.7013 1.285 0.88 14|
DPOF [18] 11.9]0.12210.3320 0.085/0.26170.8014 0.20 16| 0.242 0.4920.2010{0.1910 0.8350.1315| 0.663 0.983 0.402/1.1120 1.41100.57 18/0.2537 0.1411 0.5537| 0.513 1.023 0.541
ComplOF-FED-GPU [36]12.3| 021207811 0.143| 0329 0.799 0.173/0.19100.99130.1110/0.8913 12913 0.7313/1.25211.7419 0.6419/0.1415 0.134 0.3028) 0647 1.5012 0.83 10|
Complementary OF [21] |12.5 2028110.1018| 0.181 0635 0.121| 0318 0.75s8 0.186/0.19100.97 12 0.1213|0.97 20 1.31 16 1.0021|1.7833 1.7317 0.8727| 0.115 0.122 0.22 15/0.68 10 1.48 11 0.95 17}
ACK-Prior [27] 12.6|0.1112 0.2540.0910| 0.181 0.592 0.132 0.274 0.644 0.161] 0.152 0.784 0.093| 0.827 1.146 0.7110/1.9035 1.9022 0.9932|0.23 35 0.17 25 0.49 26/ 0.77 17 1.44 10 0.91 15|
Classic++ [32] 12.8| 0.093 0.254 0.072/0.23130.7811 0.19 15/0.43 12 1.0014 0.2214{0.2013 1.1117 0.108/0.87 10 1.3014 0.66 0.4771.6213 0.336(0.1727 0.14 11 0.3231/0.7920 1.64 12 0.92 15
Aniso. Huber-L1 [22] 13.1] 0.1070.2811 0.086|0.31220.88 13 0.28 24/ 0.56 21 1.1318 0.2923|0.20130.9211 0.13 15| 0845 1.208 0.709| 0.391 1234 0.281/017270.1512 0.27 25 0.647 1.367 0.79g
TriangleFlow [30] 14.5{0.11120.29140.0910/0.26 17 0.9522 0.17 10/ 0.47 17 1.07 15_0.186 0.165 0.875 0.093/1.0722 1.47 28 1.1023/0.8716 1.399 0.57 15{0.1519 0.1934 0.23 13| 0.636 1.3350.84 11
TV-L1-improved [17] 16.0| 0.092 0265 0072 0208 0.71s 0.167/0.53 18 1.1820 0.2214/0.2117 1.2422 0.11 10|0.90 14 1.31 16 07211|Ti27| 9323 0.8424(0.1820 0.17 28 0.31 20/ 0.73 15 1.62 17 0.87 13
CBF [12] 16. 0| 0.107 0.28110.09 10|0.34 24 0.80 14 0.37 25{0.43 120.9512 0.26 18/0.21 17 1.14 15 0.1315{0.90 14 1.27 12 08217| 0412 1.234 0.302/0.23350.1934 0.3933/0.76 16 1.56 14 1.02 19|
Brox et al. [5] 17.4/0.11120.32180.1123|0.27 20 0.93 20 0.22 20/ 0.39 11 0.94 11 0.24 17{0.24 19 1.2523 0.1315/1.10 26 1.39 23 1.43 3 917 1.77200.5515) 0.102 0.134 0.111/0.9122 1.8323 1.13 24
Rannacher [23] 17.8/0.11120.31160.09 10|0.25 15 0.84 17 0.21 18| 0.57 23 1.27 27 0.26 18|/0.24 19 1 3226 0.1315/0.91 17 1.33 18 0.721 2619525 0.7822/0.1519 0.14 11 0.26 22/ 0.69 12 1.58 16 0.86 12
F-TV-L1[15] 17.9|0.14 25 0.35230.1427/0.34 24 0.98 23 0.26 23| 0.59 26 1.1921 0.26 18{0.27 24 1.36 27 0.1622/0.90 14 1.30 14 0.76 1 |>_ﬁ 1.62130.3610/0.1311 0.1519 0.20 12/ 0.68 10 1.56 14 0.66 3|
Secand-order prior [8] |18.5/0.1112 0.311560.0910[0.26 17 0.9320 0.20 16| 0.57 23 1 2526 0.26 18|0.20 13 1.04 12 0.1213[0.94 18 134 19 0.83 19{0.6113 1.9323 0.47 13[0.2030 0.16 24 0.34 32| 0.77 17 1 6418 1.07 21

Figure 3: Screen shot of the Middlebury public end-point error (EP&)lé¢; the proposed method is
“Layer++”.

Optical flow evaluation results Statistics: Average SD R25 R5.0 R10.0 A50 A75 A95

Po— Error type: endpoint angle interpolation normalized interpolation
Show images: © below table © above table © type: endpoint gle Interpolation

Average Army Mequon Schefflera Wooden Grove Urban Yosemite Teddy
angle (Hidden texture) (Hidden texture) (Hidden texture) (Hidden texture) (Synthetic) (Synthetic) (Synthetic) (Stereo)
error avg.| GT im0 imi GT im0 imi GT im0 imi GT im0 imi GT im0 imi GT im0 imi GT im0 imi GT im0 imi
rank| all disc untext| al disc untext| all disc untext] al disc untext) all disc untext| al disc untext| all disc untext| all disc untext
Layers++ [38] 41| 3111 8221 2.793| 2433 7.021 2.248| 2.431 5.771 2.18s 2.131 9.711 1.161| 2.361 3.021 1.961 3814 1142 3227/274144.01122.3515 1.451 3.061 1792
Classic+NL [31] 58| 3202 8722 2814/3.0210 106524413 3465 884423811| 2783 1433 1463 283> 3682 2312 3402 9.091 2763(28718 382928623 1672 3532 2265
MDP-Flow [26] 79| 3486 9467 3.108| 2454 736224111 3213 831327814 318817810 1.70s| 3.033 3.873 2608 3432 1264 2814 219538812 160441312 99619 3.8622
OFH [39] 8.8|3.90109.77103.6217| 2.84511.011 2.045/5.521414.415 1.893| 3.52920.519 1.607| 3.185 4.0652.8213 3.86514.1113.5911 1.773 3625 1.817| 2.645 7.089 2.153
NL-TV-NCC [25] 94| 3899 9.163 2.986| 2.870 9.696 1.993/4.441011.640 1.761| 2.642 11.82 1.484|3.4917 46020 2.475/4.6716 13.574.26182.83174.57252.8421| 2.624 6.006 2.254|
C OF [21] |10.4|4.44 19 11215404 21| 2516 9777 1742 3935 1068 2.045/3871518.8122.1915| 3174 4.00429215(4.6414 138836413 2175 336225115 3.085 7.048 36517,
Adaptive [20] 11.1] 3.293 9436 2.281|3.101111.4122.4614/6.58 19 15.719 25212 3.147 1566 1.565/3.67214.46153.4821| 3.321 13.06 2.381/2.76154.39241.9311|3.58128.1812 2.889
DPOF [18] 11.54.67 2¢ 12.622 3.309|3.57 18 10.683.1220 3.092 7.502 2.329| 3.066 14.851.8211| 3.217 4.18582.7912{4.4711 1253 3.3354.09323.92146.9637] 2.093 4393 1.741
ACK-Prior [27] 11.8/4.1915 927436015 2.401 8214 1.651 3.404 8.965 1.842) 2.874 1444 1.4423.3611 4.1563.0717/6.3530 16.117 4.9021/4.2133 48028 6.03236/3.2911 5995 2.82g
/Adapt-Window [34] 12.4|4.0712 9325354 14| 2422 79732 1.993 3476 8995 2.056[3.5511 17.00 197 12| 3.340 4.2192.82132(5.9323 14.813 4.8320/4.3234 46127 5.3935/3.2710 589431611
CDmp\DF—FEDfGPU[ﬁﬁ—]hZIS 42817 11.3163.7018[3.251213.017 2166 4.069 1129 1.954/3.9116 19.2142.0113| 3.206 4.1562.6410/4.6112 16.117 3.9014(2.9821 3.7773.6930 2.856 7.4410 2.53 |
Aniso. Huber-L1[22] 135 3.717 10.111 3.087|4.36 22 13.017 3.77 23/6.92 21 15.317 3.6022{3.54 10 15.972.0414|3.38124.4514 2.475 3.886 12.95 2.7423.37264.36232.8522| 3.1697.52112.9010
Classic++ [32] 14.2| 3375 9679 2.915/3.2814 12,115 2.6115/5.46 13 14.114 3.0015{3.6312 20.217 1.70s| 324843411 2603/4.651516.015 3.6012(3.0923 3.94 15 3.2825/4642110.4223.7119
TV-L1-improved [17] 15.5| 3.364 9638 2622| 2.82710.710 2.237/6.5018 15.820 2.7313[3.8014 21.322 1.76 10| 3.3404.3813 2.393|5.9724 18.124 56727/ 3.5727 4.92313.4329/4.0117 9.84 18 3.44 14|
Brox et al. [5] 16.8[4.44 19 12.4 19 4.2224|3.72 19 13.520 3.06 18/ 4.97 11 13.3 12 3.11 16{4.58 21 22.024 2.37 19|3.7922 4.6020 4.33 32 3.91717.021 3.459| 2.227 3.795 1.192{4.6220 10.020 3.3813
TriangleFlow [30] 16.8[4.12 13 10.6 13 3.47 12/3.47 17 13.119 2.4111/6.0016 15.216 2.177| 2.995 16.08 1.585(4.46335.79344.1529(5.4220 13.9105.2422/3.10255.47342.9024 3.027 6.827 3.64 15
|Rannacher [23] 17.2{4.1314 11.014 3.6116/3.39 15 12.3 16 2.80 16| 7.26 23 17 4 25 3.5921|4. 4020 23 126 224 17|3 4314 45418 2.567/5.41 19 18.5254.2317/2.9219 39113 2.8220|3.45129.14 14 3.27 12|
F-TV-L1[15] 17.8|5.44 25 12.521 5.69 28| 5.46 25 15.0 25 4.03 24| 7.48 24 16.321 3.4219|5.08 24 23 327 2.8122|3.4213 43411 3.0316| 405915115 3.185/2.431039214 1.878/3.90159.3517 2617
CBF [12] 18.7| 3.8858 10.212 3.5013/4.60 23 11.3 12 5.06 25| 5.43 12 13.1 11 3.3918{4.09 17 21.222 2.16 15|3.80 24 4.72 27 3.5222|4.33 10 14.412 3.015/4.9737 5.5135 4.9334/3.99 16 9.27 16 3.91 23]
p-harmonic [29] 20.2|4.64 23 13.023 4.4325/3.41 16 11.9 14 2.93 17| 7.60 25 18.127 3.96 24{4.6522 21.021 2.9723|3.46 15 4.33 10 3.34 18|4.7517 17.522 4.6019/3.0522 4.17 21 2.1514/5.09 24 10.924 3.77 20

Figure 4: Screen shot of the Middlebury public average angular ed&E) table; the proposed method is
“Layer++”.

4 Gradients of the Energy Function w.r. t. the Flow and the Hidden Fields

We use gradient-based methods to optimize the proposegdyefugrction and this section summa-
rizes the gradients with respect to the flow and the hiddeddielVe derive the gradient for each

Table 3: Average end-point error (EPE) and angular errorEA8n the Middlebury optical flow

benchmarktest set).
Rank Average | Army  Mequon  Schefflera  Wooder] Grove Urban  Yosemite  Teddy

EPE

Layers++ 43 0.270 0.08 0.19 0.20 0.13 0.48 0.47 0.15 0.46
Classic+NL 6.5 0.319 0.08 0.22 0.29 0.15 | 0.64 0.52 0.16 0.49
EPE in boundary regions

Layers++ 0.560 0.21 0.56 0.40 0.58 0.70 1.01 0.14 0.88
Classic+NL 0.689 0.23 0.74 0.65 0.73 | 0.93 1.12 0.13 0.98
AAE

Layers++ 4.1 2.556 3.11 2.43 2.43 2.13 2.35 3.81 2.74 1.45
Classic+NL 5.8 2.904 3.20 3.02 3.46 2.78 | 2.83 3.40 2.87 1.67
AAE in boundary regions

Layers++ 6.525 8.22 7.02 5.77 9.71 3.02 11.40 4.01 3.05
Classic+NL 7.823 8.72 10.60 8.84 14.30 | 3.68 9.09 3.82 3.53




Table 4: Average end-point error (EPE) on the Middlehtnayning set by the proposed model with

3 layers and two different sets of parameters.

Avg. EPE Venus Dimetrodon Hydrangea RubberWhale Grove2 Grove3  nZba Urban3
0.195 0.211 0.150 0.161 0.067 0.086 0.331 0.210 0.345
0.215 0.210 0.155 0.169 0.071 0.090 0.373 0.273 0.379

3layers (A
3layers (A

Salsa
H Il
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> >
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I
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Figure 5:Results on the “Hand” sequence. Top: using same parametérese used for the Middlebury data
set (EPE2.754). Bottom: using parameters tuned for hand (EIP#9). Left to right: first image, initial flow
field given by Classic+NL, final flow field, motion segmentatiand detected occlusions (black). Best viewed
in color.

individual term in the objective. From these it is easy tcambthe formula for the overall objective.
Most of the derivations are straightforward and we only efate where there are subtle points.

4.1 Gradients w.r.t.the Hidden Field

Temporal Coherence Term The hidden fields, , appears in the temporal coherence term at time
t andt — 1. For the one at time,

OFEiime(8t,k, 8t+1,k, Utk, Vik)
6gtk(ivj)
Thg termEﬁme(gt,Lk,.gt,k,.u-t,l,k,.vt,l,k) in_volves.th.e ex_pressiog!tk(z' + “_?—1,kvj + z_)t”_Lk),_
which we compute using bi-linear interpolation. This isreekr operation applied to the hidden field
g and we can express it as a mati¥;_; x, applied to the vectorized hidden fiedd . (:). Here
“:” means arranging the matrix into a vector in a column- -majayyvthat is, in the same way as the

MATLAB vectorization operator. NovW,_ ,g: (:) is the vectorized, warped result using the
flow field from framet — 1 to framet and

= 2(gsx (i, 7) —gt+1,k(i+ui7;,j +’Uii))' 1)

Eime(8t—1,6:8tk) = ||81—1,%(:) — Wi—1 18 (2)|[*. 2
Its gradient w. r. g (:) is
Ve, Fime(8t—1,k: k) = 2W{_ 1 t(Wi_168u (1) — 8e—1.(2))- (3)

Note that there is no need to construct the maix_; ; in the implementation and we just need to
perform the interpolation operation and its transpose.

Data Term Similarly, the hidden fielg; , appears in the data term at timeandt — 1. What is
subtle is that the hidden field of a front layer influences thmderm of the layers behind. We will
first give the gradient of the soft layer assignment w. re.hidden field, which plays a major role
of the later derivations. Recall that the soft layer assigniis

~ PN ( egtk(l j)) Hk’ 10( egtk’(iaj))a 1 < k<K
Su(1,5) =

Hk:/ 1 U( egtk’ (17]))7 k=K
Using the property of the logistic functiari(x) = o(z)o(—z), we can obtain its gradient w.r. t. the
hidden field

(4)

S k Z7j S y y . .
m = )\eStk(la])0(_)\69151(7,,]))7 k=1 (5)
| Aol f)o(Aegaif), k> 1.



Note that thek < | case means that the hidden field of a layer behind does no¢mndtuthe data
term of the layers in front of it.

It is straightforward to obtain the gradient of the data tetrtimet w. r. t. the hidden fielg; as

aEdata(uta Vi, 8t gt+1) o

89151(7;5.].)

S( s o dij s, ij 0341 (i, ) - i g
S (a1 6.d) = 12+ 0i) = M) st s i i+ @
k bl

The formula for the data term at time— 1 is a little more complicated because it depends on
the soft layer assignment at timevarped by the flow field. To simplify the notation, we define

han (i, 7) = (pd(lf(i,j) — I3 (4 ul, i+ ul)) — /\d) 541.(1,7) and rewrite the data term at time
t — 1 in the vector product form as

EoaeW—1,vi-1,8-1,8t) = hy—1 1) T W1 18.(), (7)
where the warping operat®,_, j, is the same as above.
Now we can obtain the gradient of the data term w. r. t. thedndikldg,;, as

Ve EdatdWi—1,vi—1,81-1,8t) = Vg, st )W{_1 1hy1 (). (8)

Note thatV,, 5:1(:) is a diagonal matrix becau ’“(E’j)) = 0for (i,§) # (i, ).

St
gtk

Color-modulated Spatial Term It is easy to obtain the gradient &fpaceW. I. t. the hidden field
because of its quadratic form:

E -
aLC‘_(g,”“) = Z Qw%«(gtk(@j) =g (@', ). ©)
8gtk (Za.]) (i’,5)€T(i,5)

4.2 Gradients w.r. t. the Horizontal Flow Field

Due to symmetry, we only give the gradient formulas for theazemtal flow field; the vertical case
is analogous.

Temporal Coherence Term Using the chain rule, we obtain

. ij - ij - 99e41k ij ij
=2(grr1x(i +ug, j+vp,) — gtk(w))T(I + uy, J 4 vg)

(10)
wheredg,+1 /0 is the partial derivative of the hidden field in the horizdimsage directionz.

OFEiime(8t.k, 8t+1,k, Wtk Vik)
ij
Ouyy,

Data Term The data term is different from the standard data term foicapflow estimation in

that the warped soft layer assignmént; x (i + uii,j + U:i) also depends on the flow field. As a
result

OF a0, Vi, 81, Grv1) _
3u3€

— @0, 5) = Ty (i + ugd, j +v) 5;1 (i +ugh, j + vp)3u (4, §) 301, (0 + uph,  + vj3)

spe - N N LT N P TR
+ (pd(It (i7) = La (i 4w J + 0g)) = Ad)stk(z,J)g%(z +ugd o) (11)

Again the partial derivatives with respectitacorrespond to partials in the horizontal image direc-
tion.



Spatial Prior Term  Before each warping step, we estimate the affine flow fiald, , vy,,) for
each layer. We solve for the parametéssusing a simple least squares estimate given the current
flow field for the layer. This could be improved by deriving tpartial derivatives of the affine
parameters w. r. t. the robust formulation and solving fenthalong with the other parameters. This
is future work.

With the affine flow field fixed, we can obtain the gradient of spatial term w.r. t. the flow field as

E 9 . . o .y
OBt fu) 5 (i — ) — (! — ). 12)
Ui (i’,5") €T (i,5)

With these gradient formulas, it is straightforward to penf the incremental estimation for the flow
field [2].
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